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Laplacian with singular coefficients 
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Abstract 

In this paper we study the local behavior of a solution to the Zth 
power of Laplacian with singular coefficients in lower order terms. We 
obtain a bound on the vanishing order of the nontrivial solution. Our 
proofs use Carleman estimates with carefully chosen weights. We will 
derive appropriate three-sphere inequalities and apply them to obtain 
doubling inequalities and the maximal vanishing order. 



1 Introduction 

Assume that Q is a connected open set containing in R n for n > 2. In this 
paper we are interested in the local behavior of u satisfying the following 
differential inequality: 

|A^| < #oE|a|<i-i \x\~ 2l+H \D a u\ +#oEh=] \x\- 2l+ W +e \D a u\, (1.1) 

where < e < 1 /2 and [h] — k G Z when k < h < k + 1 . For (11 .11) , a strong 
unique continuation was proved by the first author [8]. A similar result for 
the power of Laplacian with lower derivatives up to l-th order can be found 
in [5]. On the other hand, a unique continuation property for the l-th power 
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of Laplacian with the same order of lower derivatives as in fll.il) was given in 
[TT] . Those results mentioned above concern only the qualitative behavior of 
the solution. In other words, they showed that if u vanishes at in infinite 
order or u vanishes in an open subset of Q, then u must vanishes identically 
in Q. The aim of this paper is to study the strong unique continuation 
from a quantitative viewpoint. Namely, we are interested in the maximal 
vanishing order at of any nontrivial solution to (II. ip . It is worth mentioning 
that quantitative estimates of the strong unique continuation are useful in 
studying the nodal sets of eigenfunctions [2], or solutions of second order 
elliptic equations [6], [ID] , or the inverse problem pQ. 

Perhaps, for the quantitative uniqueness problem, the most popular tech- 
nique, introduced by Garofala and Lin [3] , [1] , is to use the frequency function 
related to the solution. This method works quite efficiently for second or- 
der strongly elliptic operators. However, this method can not be applied to 
(II. II) . Another method to derive quantitative estimates of the strong unique 
continuation is based on Carleman estimates, which was first initiated by 
Donnelly and Fefferman [2] where they studied the maximal vanishing order 
of the eigenfunction with respect to the corresponding eigenvalue on a com- 
pact smooth Riemannian manifold. Their method does not work for (11.11) 
either. 

Recently, the first and third authors and Nakamura [9] introduced a 
method based on appropriate Carleman estimates to prove a quantitative 
uniqueness for second order elliptic operators with sharp singular coefficients 
in lower order terms. A key strategy of our method is to derive three-sphere 
inequalities and then apply them to obtain doubling inequalities and the 
maximal vanishing order. Both steps require delicate choices of cut-off func- 
tions. Nevertheless, this method is quite versatile and can be adopted to 
treat many equations or even systems. The present work is an interesting 
application of the ideas of [9] to the Ith power of Laplacian with singular 
coefficients. The power I = 2 is the most interesting and useful case. It cor- 
responds to the biharmonic operator with third order derivatives. Our work 
provides a quantitative estimate of the strong unique continuation for this 
equation. To our best knowledge, this quantitative estimate has not been 
derived before. 

We now state main results of the paper. Assume that B R > C VL for some 
R' Q > 0. 

Theorem 1.1 There exists a positive number Rq < e -1 / 2 such that if < 
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ri < r 2 < r 3 < _Rq and ri/r 3 < r 2 /r 3 < i? 0; i/ien 

/ \u\ 2 dx <c(( \u\ 2 dx\ ( j \u\ 2 dx\ (1.2) 

J\x\<T2 \J\x\<r 1 J \J\x\<t- a J 



foru G H (Bf>' o ) satisfying (11. ip m -Br^, where C and < r < 1 depend 
n/r-i, r 2 /r 3 , n, I, and K . 



on 



Remark 1.1 From the proof, the constants C and t can be explicitly written 
as C = max{Co(r2/Vi) n , exp(_B/5 )} and r = B/(A + B), where Co > 1 and 
Po arc constants depending on n,l, Kq and 

A = A(r 1 /r 3 ,r 2 /r 3 ) = (log(ri/r 3 ) - l) 2 - (log(r 2 /r 3 )) 2 , 
B = B(r 2 /r 3 ) = -1-2 log(r 2 /r 3 ). 

T/ie explicit forms of these constants are important in the proof of Theo- 
rem 

Theorem 1.2 Let u G Hf£ c (Q) be a nonzero solution to (11.11) . Then we can 
find a constant R 2 (depending on n,l,e,K ) and a constant mi (depending 
on n,l,e,K , ||w||L2(|x|<i?|)/||w||L2 (N<jR 4 )y ) satisfying 

limsup— — / \u\ 2 dx > 0. (1.3) 

Theorem 1.3 Let u G H 2l oc iVC) be a nonzero solution to (jl.ip . Then there 
exist positive constants R 3 (depending on n,l,e,Ko) and C 3 (depending on 
n, /, e, K , mi) such that if < r < R 3 , then 



\u\ dx < C 3 \u\ dx, (1.4) 

x\<2r J \x\<r 

where mi is the constant obtained in Theorem M.^A 

The rest of the paper is devoted to the proofs of Theorem ll.ltll.3i 
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2 Three-sphere inequalities 

We will prove Theorem 11.11 in this section. To begin, we recall a Carleman 
estimate with weight ipp = <pp{x) = exp(|(log |x|) 2 ) given in [8]. 

Lemma 2.1 J8j Corollary 3.3] There exist a sufficiently large number ft > 
and a sufficiently small number r > 0, depending on n and I, such that for 
all u G U ro with < r < e~ l , ft > fto, we have that 

£ H < 2 * P 3l ~ 2H I ^M 2|a| -"(log \x\)«-*W\D°u\*dx 
<C J V l\x\ 4l - n \A l u\ 2 dx, K > 

where U ro = {u E C^°(M. n \ {0}) : supp(w) C B ro } and Cq is a positive 
constant depending on n and I. Here e = exp(l). 

Remark 2.1 The estimate ( 12. II) in Lemma \2. 1\ remains valid if we assume 
u G Hf^iW 1 \ {0}) with compact support. This can be easily obtained by 
cutting off u for small \x\ and regularizing. 

We first consider the case where 0<ri<r2<R<l/e and Br C Q. 
The constant R will be chosen later. To use the estimate ( 12.11) . we need to 
cut-off u. So let £(z) G C °°(M n ) satisfy < ^(ar) < 1 and 







\x\ < r%/e, 




! :: 


ri/2 < \x\ < er 2 






\x\ > 3r2. 



It is easy to check that for all multiindex a 



\D a £\ = 0{r' x |q| ) for all rje < \x\ < n/2 
\D a £\ = 0(r~ H ) for all er 2 < |x| < 3r 2 . 



(2.2) 



On the other hand, repeating the proof of Corollary 17.1.4 in [7], we can 
show that 

/ \\x\ lal D a u\ 2 dx <C j \u\ 2 dx, |a|<2/, (2.3) 

J air<\x\<a,2r J a3r<\x\<a,4,r 

for all < 03 < ai < a<i < a 4 such that B aiT C VL, where the constant C is 
independent of r and u. 



4 



Noting that the commutator [A', £] is a 21 — 1 order differential operator. 
Applying (j2H|) to £u and using (Oil . (P , Q implies 



^/? 3 <" 2 H / ^|x| 2 ' a l- n (log|x|) 2 '- 2 l Q '|D a M | 2 rfx 

H<2Z Ai/2<|^|<er 2 

< ^ /3 3/ " 2 l a l / ^J|a;| 2 l a l- n (log|x|) JB - 2 l a| |D a (eu)| 2 efa: 

|q|<2/ J 

< C J V l\x\ 4l - n \A\£u)\ 2 dx 

, [32/2] 

< 2C vllxf^iKo \x\- 2l+H \D a u\ + K Y,\x\' 2l+lal+t \D a u\) 2 dx 

J |a|<2-l \a\=l 

+2C J ^\x\ Al - n \[A l ,Z]u\ 2 dx 

r [31/2] 

< / s ki 2|a| ~ n p a «r + x; ki 2W_r,+2e P a «i 2 )^ 

^i/2<kl<er 2 W=J 



+ / X \x\ 2H ' n \D a u\ 2 dx 

Jri/e<\x\<n/2 \ a \<2l-l 

+ f <Pp Yl \A 2H ~ n \D a u\ 2 dx] 



'er 2 <|x|<3r 2 | a |< 2 i_i 
» [3^/2] 

< a 2 { / pj( X |ac| 2|a|_n p a «| 2 + X |x| 2 l a| - f,+2e |D a «| 2 )da; 

7 n /2<|a : |<er 2 [ a |<l-l |a[=I 

+rr>J(n/e) / ||z| |a| D a ii| 2 cfa; 

■^n/e<|ar|<n/2 ^i^.j 

+r 2 ->J(er 2 ) / | |ar| I^Z?^! 2 ^ j 

ier 2 <|x|<3r 2 

r mm 

< / E |x| 2 N-«|L>^| 2 + ^|x| 2 H- +2e |D a «| 2 )dx 

ir 1 /2<|x|<er 2 | a |<I-l \a\=l 



+r 1 n (fp(r 1 /e) I \u\ z dx + r 2 n ipp(er 2 ) I \u\ z dx 

J ri/4<\x\<r 1 ^/2r 2 <|x|<4r 2 



(2.4) 



where C%, C 2 , and C 3 are independent of r 1; r 2 , and u. 

We now choose r < e~ e Ct 3 V 2 ] — i sm all enough such that 

'(log(ero))- 2 <^ 
(er )^(log(er )) 2 ([ 3 '/ 2 ]^ < ^. 

Letting R < tq and (3 > (3$ > max{2C3, 1}, we can absorb the integral over 
ri/2 < \x\ < er 2 on the right side of (I2.4p into its left side to obtain 

r [32/2] 

J n /2<\x\<er 2 \ a \<l-l \a\=l 
n,J2/„ l„\ I L.|2j„ , „-n,„2, 



< CA r 1 n (fp(r 1 /e) / \u\ dx + r 2 n (fp(er 2 ) / \u\dx 

^ri/4<|2:|<ri J 2r 2 <\x\<4r 2 

(2.5) 

where C* 4 = 1/C 3 . Using (12. 5p we have that 

„-n, 2 / \ / 1 .12, 



< 



< C 4 { rrVjfa/e) / | M | 2 rfx + r 2 -> 2 (er 2 ) / | M | 2 rfx[. 



V^(r 2 ) / \u\ z dx 

'r 1 /2<\x\<r 2 



(Pp\x\ n \u\ dx 

r\/2<\x\<er 2 



(2.6) 



Dividing r 2 n (y9^(r 2 ) on the both sides of (I2.6P implies 

\u\ 2 dx 



r\/2<\x\<r 2 

n\,2, 



< CMrJnYi^n/e)/^)] / \u\'dx 

^ J ri/4<\x\<ri 



+ b/30r 2 )/<^(r 2 )] / |u| dx 

J2r 2 <\x\<4r 2 



L </N<ri 



+ (r 2 /r 1 )"K(er 2 )/^(r 2 )] / \u\'dx , (2.7) 

^/|x|<4r2 
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where C 5 = maxjQ, 1}. With such choice of C 5 , we can see that 

for all < r\ < r 2 . Adding fi x i <ri , 2 \u\ 2 dx to both sides of (12.71) and choosing 
r 2 < R = min{r , 1/4}, we get that 

\u\ 2 dx 

x\<r-2 

n\,Jl /„ I \ 1,2 /„ \l / I „.|2. 



< 2C 5 (r 2 /r i n^(r 1 /e)/^(r 2 )} / \u\ 2 dx 



x <ri 



+2C 5 (r 2 /r 1 ) n [^(er 2 )/^(r 2 )] / \u\ 2 dx. (2.8) 



By denoting 



A = /T 1 log[^( ri / e )/^ (r2 )] = ( logri _ i)2 _ (logr2 )2 > Q) 
5 = -/T 1 log[^(er 2 )/^(r 2 )] = -1 - 21ogr 2 > 0, 



(12.81) becomes 



X\<T2 



< 2C 5 (r 2 / ri ) n \exp(Ap) [ \u\ 2 dx + exp(-B0) [ \u\ 2 dx\. 

^ J\x\<r\ J\x\<l ' 

(2.9) 

To further simplify the terms on the right hand side of (12.91) . we consider 
two cases. If 

|w| 2 (ix 7^ 



and 



|x|<ri 



exp (A@o) / \u\ dx < exp (—B(3 ) / \u\ dx, 

'|a;|<n J\x\<l 



then we can pick a (3 > /3q such that 



exp (A/3) / \u\ dx = exp (-B/3) / \u\ dx. 

' |x|<ri J\x\<l 



Using such /3, we obtain from (12.91) that 

\u\ 2 dx 



|x|<r2 

< 4C , 5 (r 2 /r 1 ) n exp(A/3) / \u\ 2 dx 



x\<ri 

= 4:C 5 (r 2 /n) n ( f \u\ 2 dx) B (! \u\ 2 dx) B . (2.10) 
\J\x\<n J \J\x\<l J 

If 

|w| 2 <ix = 0, 

|a;|<n 

then it follows from ( 12.91) that 

\u\ 2 dx = 



L 



\x\<T2 

since we can take f3 arbitrarily large. The three-sphere inequality obviously 
holds. 

On the other hand, if 

exp (— B(3 ) / \u\ 2 dx < exp (A(3 ) / \u\ 2 dx, 

J \x\<l J\x\<ri 

then we have 

\u\ 2 dx 

X\<T2 

^ _A_ 

< ( / \u\ 2 dx I ( / \u\ 2 dx 



'\x\<l J V|a;|<l 

< exp(£/3o)(/ \u\ 2 dx) ~ ( / \u\ 2 dx ) (2.11) 



A 

A+B f f \ A+B 



Putting together fl2~T0|) . fl2~TTD . and setting C 6 = max{4C , 5 (r 2 /r 1 ) n , exp (B/3 )}, 
we arrive at 



B .A 



/ \u\ 2 dx <C 6 ( \u\ 2 dx\ A+B ( / \u\ 2 dx) A+B . (2.12) 

J\x\<r 2 \J\x\<r 1 J \J|x|<l / 



'|x|<ri 
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Now for the general case, we take Rq = R and consider < r\ < r 2 < r 3 
with ri/r 3 < r 2 /r 3 < R . By scaling, i.e. defining u(y) := u{r 3 y), we derive 
from fl^T2|) that 

/ \u\ 2 dy<C([ \u\ 2 dy) T ([ \u\ 2 dyf-\ (2.13) 

J\y\<r2/r'j, J\y\<ri/r3 J\y\<^ 

where r = B/(A + B) with 

A = A(r 1 /r 3 ,r 2 /r 3 ) = (log(ri/r 3 ) - l) 2 - (log(r 2 /r 3 )) 2 , 
£ = B(r 2 /r 3 ) = -1 - 2 log(r 2 /r 3 ) , 

and C = max{4C5(r2/ri) n , exp(_B/5o)}. Note that that C5 can be chosen 
independent of the scaling factor r 3 provided r 3 < 1. Replacing the variable 
y = x/r 3 in (I2.13P gives 



I \u\ 2 dx <C{f \u\ 2 dx) T { f 

J \x\<T2 J\x\<r\ J \ x \ 



2 J^l-r 



\u\ dx) 



'|x|<r 3 

This ends the proof. □ 



3 Doubling inequalities and maximal vanish- 
ing order 

In this section, we prove Theorem 11.21 and Theorem 11.31 We begin with an- 
other Carleman estimate derived in [51 Lemma 2.1]: for any u G C^°(IR n \{0}) 
and for any m G {/c+l/2,A;GN}, we have the following estimate 

£ I m 2l - 2 ^\x\- 2m+2 ^- n \D a u\ 2 dx < C I \x\- 2m+il ~ n \A l u\ 2 dx, (3.1) 

\a\<2r •* 

where C depends only on the dimension n and the power /. 

Remark 3.1 Using the cut-off function and regularization, estimate (13.11) 
remains valid for any fixed m if u G H^ c (R n \{0}) with compact support. 

In view of Remark 13. 11 we can apply (13.11) to the function \ u with x{ x ) £ 
C °°(M n \{0}). Thus, we define x(?) e C oo (M ri \{0}) as 

{0 if |x| < 5/3, 
1 in 5/2 < \x\ < (Ro + 1)R R/A = r 4 i?, 
if 2r A R<\x\, 
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where 5 < RqR/4, Rq > is a small number which will be chosen later and 
R < 1 is sufficiently small. Here the number R is not yet fixed and is given 
by R = (7m)"^ 2e , where 7 > is a large constant which will be determined 
later. Using the estimate (13. 1 p and the equation (11.11) . we can derive that 



l«l<2Z 

< 

\a\<2l ' 



[ m 2l - 2 ^\x\~ 2m+2 ^- n \D a u\ 2 dx 
[ m 2l - 2 \ a \\x\~ 2m+2 \ a \- n \D a { X u)\ 2 dx 

a\<2l 

< C j \x\- 2m+il - n \/\\ X u)\ 2 dx 



C / \x\- 2m+4l - n \A l u\ 2 dx + C / \x\- 2m+4l - n \A\ X u)\ 2 dx 

J 6/2<\x\<r 4 R J\x\>r 4 R 



+C [ \x\- 2m+il - n \A l ( X u)\ 2 dx 

J8/3<\x\<8/2 

r [3i/2] 

< C'K 2 / ( V \x\ 2 ^- n ~ 2m \D a u\ 2 + V \x\ 2 M- n - 2m+2e \D a u\ 2 )dx 

Js/2<\x\<r 4 R |a|=J 

+C [ \x\- 2m+il - n \A\ X u)\ 2 dx + C [ \x\- 2m+4l - n \A l ( X u)\ 2 dx 

J\x\>r 4 R JS/3<\x\<8/2 



r [31/2] 

< C'K 2 (r 4 R) 2e / V \x\ 2H - n - 2m \D a u\ 2 dx 

J 8/2<\x\<r 4 R 1 1 , 



IS/2<\x\<r 4 R | a)=J 

+C'K 2 [ J2 \x\ 2H ~ n ~ 2m \D a u\ 2 dx 

JS/2<\x\<r 4 R !„]<,_! 

+C [ \x\~ 2m+il ~ n \A\ X u)\ 2 dx + C [ \x\~ 2m+4l - n \A\ X u)\ 2 dx, 

J\x\>r 4 R J &/Z<\x\<5/2 

(3.2) 

where the constant C depends on n and I. 

By carefully checking terms on both sides of (13. 2p . we now choose 7 > 
(2CK 2 ) 1 / 1 and thus 



in 



-1 



R 2e = (im)- 1 < 



2CKI 
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Hence, choosing R < 1 (suffices to guarantee r 2 ' e = Rl e (R + l) 2e /4 2e < 1) 
and m such that m 2 > 2C'Kq, we can remove the first two terms on the right 
hand side of the last inequality in (13.21) and obtain 



[ m 2l - 2 ^\x\- 2m+2 ^- n \D a u\ 2 dx 

N <2Z JS/2<\x\<r A R 

< 2C [ \x\- 2m+4l - n \A l ( X u)\ 2 dx 

Js/3<\x\<8/2 



+2C / \x\~ 2m+ ^ n \A l ( X u)\ 2 dx. (3.3) 

J r 4 R<\x\<2r 4 R 

In view of the definition of \i h is easy to see that for all multiindex a 

\D a X \ = 0(5-W) for all 5/3 < \x\ < 5/2, 
\D a X \ = 0((r 4J R)-l Q l) for all r 4 R < \x\ < 2r A R. 

Note that Rq < r 4 provided Rq < 1/3. Therefore, using (13 .4p and (12. 3p in 
(13.31) . we derive 



m 2 {25)- 2m - n [ \u\ 2 dx + m 2 (R 2 R)- 2m - n [ \u\ 2 dx 

J5/2<\x\<25 J25<\x\<RlR 

< V f m 2l - 2M \x\- 2m+2H - n \D a u\ 2 dx 

| Q |< 2i JS/2<\x\<r 4 R 

< C" V r 4 ' +2|Q| / \x\- 2m+Al ~ n \D a u\ 2 dx 

.1^0, J5/-A<\x\<8/2 



\a\<2l 



+C" (r4R)' 4l+2H [ \x\- 2m+Al ~ n \D a u\ 2 dx 

\ a \<2l r 4 R<\x\<2r 4 R, 

< C'5- 2m - n [ \u\ 2 dx + C"{r 4 R)~ 2m - n [ \u\ 2 dx, (3.5) 

J\x\<8 J\x\<R R, 

where C' = C"3 2rn+n and C" is independent of R , R, and m. 
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We then add m 2 {25) 2m n f< x < <s , 2 \u\ 2 dx to both sides of (13.51) and obtain 
-m 2 (25)- 2m ~ n [ \u\ 2 dx + m 2 (R 2 R)- 2m ~ n [ \u\ 2 dx 

2 J\x\<28 J\x\<R%R 

= -m 2 (25)- 2m - n [ \u\ 2 dx + m 2 {RlR)- 2m - n f \u\ 2 dx 

2 J\x\<25 J\x\<25 

+m 2 (RlR)- 2m - n [ \u\ 2 dx 

J 28<\x\<RZR 



< \m 2 (25)- 2m - n [ \u\ 2 dx + \m 2 (25)- 2m - n [ \u\ 2 dx 

2 J\x\<28 2 J\x\<2S 

+m 2 (R 2 R)- 2m - n [ \u\ 2 dx 

J28<\x\<RlR 

< c"S' 2m - n [ \u\ 2 dx + C"(r 4 R)- 2m ~ n [ \u\ 2 dx 

J\x\<5 J\x\<R R 

= C"5- 2m ~ n [ \u\ 2 dx 

J\x\<6 

+m 2 (R 2 R)- 2m - n C"m- 2 (^) 2m+n [ \u\ 2 dx (3.6) 



r 4 J\x\<R R 



with C" = & + 2 2m+n m 2 . 
We first observe that 



p2 f AT) \ 2m + n 

C" m ~ 2 (th) 2 ^ = C"m- 2 I 



r 4 + 1 

< C"m' 2 {AR ) 2rn+n <exp(-2m) 

for all R < 1/16 and m 2 > C" . Thus, we obtain that 
1 



-m 2 (25)- 2m - ! ' 



[ \u\ 2 dx + m 2 (R 2 R)- 2m - n [ \u\ 2 dx 

J\x\<28 J\x\<RlR 



< c"5- 2m - n / \u\ 2 dx 

J\x\<8 



+m 2 (R 2 R)- 2m ~ n exp(-2m) f \u\ 2 dx. (3.7) 

J\x\<R R 



It should be noted that (13.71) is valid for all m = j + | with j G N and 
j > jo, where j depends on n, I, e, and K . Setting Rj = + \))~ l ^ 2e and 
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using the relation m = (7) 1 (R) 2e ^ 1 , we get from (13. 7p that 
-m 2 (25)- 2m - n [ \u\ 2 dx + m 2 (R 2 R j )- 2m - n [ 

2 J\x\<28 ' J\x\<R%R 



< C"5- 2m - n / \u\ 2 dx 

+m 2 (R 2 R j )- 2m - n exp(-2cRJ 2e/l ) [ \u\ 2 dx (3.8) 

J\x\<R B, :j 

for all j > jo and c = 7 -1 . We now let j be large enough such that 

Rj+i < Rj < 2Rj+i for all j > jo- 
Thus, if Rj+i < R < Rj for j > j , we can conclude that 

f\x\<R%R \ u \ 2dx - iixi^ijgR, \ u \ 2 dx 

f\x\<R R 



exp(-2cR j 2e/l ) L, <RoRi \u\ 2 dx < exp(-cR 2 ^) j \u\ 2 dx, 



(3.9) 



where we have used the inequality R$Rj < Rj/ 16 < Rj+i to derive the second 
inequality above. Namely, we have from (13. 8p and (13. 9p that 

-m 2 (25)- 2m - n [ \u\ 2 dx + m 2 (R 2 Rj)- 2m - n [ \u\ 2 dx 

2 J\x\<28 ' J\x\<R%R 

< c"5- 2m - n [ \u\ 2 dx 

J\x\<5 

+m 2 (R 2 Rj)- 2m - n exp(-cR~ 2e/l ) I \u\ 2 dx. (3.10) 

J\x\<R 

If there exists s G N such that 

Rj + i < R 2 s < Rj for some j > j , (3.11) 
then replacing R by Rff in (I3.10P leads to 

-m 2 (25Y 2m - n 

2 -l\x\<25 J\x\<Rf 



[ \u\ 2 dx + m 2 (R 2 Rj)- 2m - n [ \u\ 2 dx 

J\x\<28 J\x\<Rl 3+2 



< C"5~ 2m - n I \u\ 2 dx 

\x\<5 



+m 2 (R 2 Rj)- 2m - n exp(-cR- 4st/l ) [ \u\ 2 dx. (3.12) 
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Here s and Rq are yet to be determined. The trick now is to find suitable s 
and R satisfying (13. lip and the inequality 

exp(— cR 4se ^) / \u\ 2 dx < - I \u\ 2 dx (3.13) 

J\x\<Rf 2 J\ x \<rI°+i 

holds with such choices of s and Rq. 

It is time to use the three-sphere inequality (jl.2p . To this end, we choose 
ri = R 2 k+2 , r 2 = Rf and r 3 = Rf- 2 for k > 1. Note that n/r 3 < r 2 /r 3 < 
R 2 <R . Thus (OD implies 



/ |w| 2 dx/ / |w| 2 dx < C 1/T { [ \u\ 2 dx/ [ \u\ 2 dx) a , 

J\x\<R 2k J\x\<R 2k+2 J\x\<R 2 k - 2 J\x\<Rf 

(3.14) 



t\<R 2 k J\x\<R A 

where 



C = max{Cy?o 2n ,exp(/3 (-l - 41o gj R ))} 

and 

= 1 ~ t = A _ (log(ri/r 3 ) - l) 2 - (log(r 2 /r 3 )) 2 
r ~~ B -l-21og(r 2 /r 3 ) 

(41ogi?o-l) 2 -(21ogi? ) 2 
-l-41o gj R 

It is not hard to see that 

"l< C < C R^\ 
2<a< -A\ogR 0: 



(3.15) 



where /3i = max{2n, 4j3 } and if Ro is sufficiently small, e.g., Ro < e 4 . 
Combining (13.151) and using (13.141) recursively, we have that 



/ \u\ 2 dx/ I \u\ 2 dx 

J\x\<R 2s J\x\<Rl s+2 



< C 1/r ( / \u\ 2 dx/ / \u\ 2 dxf 

J\x\<Rl a - 2 J\x\<Rf 

< C^T{ [ \u\ 2 dx/ [ lufdx)^' 1 (3.16) 

J\x\<R 2 J\x\<K 
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for all s > 1. Now from the definition of a, we have r = l/(a + 1) and thus 

^ ~ \ = ^±l(a^ - 1) < 3a- 1 . 
r(a-l) a-l v J ~ 

Then it follows from (13.161) that 



/ \u\ 2 dx/ / |«| 2 da: 

J\x\<R 2s J\x\<Rl s+2 



< c 3( - 4losR ^\[ \u\ 2 dx/ [ 



\u\ 2 dxf s 



< (C 3 (i?o)- 3/3l ) ( - 41ogi?o)S " 1 (/ \u\ 2 dx/ \u\ 2 dxf s - 1 . (3.17) 

J\x\<Rl J\x\<Rq 

Thus, by ( 13.171) . we can get that 

exp(— cR 4se// ') / |-u| 2 dx 

J\x\<Rl s 

< exp(-ci?o 4 ^)(C 3 ( J Ro)' 3/3l ) ( ' 41ogiJo)S " 1 

( / \u\ 2 dx/ I \u\ 2 dx) aS 1 / \u\ 2 dx. 

J\x\<Rl J\x\<R% J\x\<R 2 3+2 



(3.18) 



Let [A — — logi? 0) then if R (< min{e 4 , y -Ro}) is sufficiently small, i.e., 
\i is sufficiently large, we can see that 

Ate^i/l > (t - 1) log(4/x) + log(logC 3 + 3/3 lf i) - log(c/4), 

for all t G N. In other words, we have that for Rq small 

(C 3 ^ 3/3l ) (_41ogiio)t ~ 1 < exp( Cj Ro 4W 74) < (1/2) exp^" 4 ^), (3.19) 
for all t e N. We now fix such R Q so that (13.191) holds and 

4e 

— -log-R - 2 log a > 0. 

It is a key step in our proof that we can find a universal constant Rq. After 
fixing Rq, we then define a number t , depending on Rq and u, as 

t = (log2 — log(ac) + loglog( / \u\ 2 dx/ / \u\ 2 dx)) 

J\x\<R 2 J\x\<R% 



Ae 

x( — -log.Ro - log a)" 1 . 
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With the choice of to, we can see that 

( \ \u\ 2 dx/ [ lufdxf' 1 < exp(cR- 4te/l /2) (3.20) 

J\x\<Rl J\x\<Rq 

for all t > to- 

Let s\ be the smallest positive integer such that s% > to- If 

Ro 1 < Rjo = (7(jo + 1/2))-"*, (3.21) 
then we can find a j\ G N with j\ > jo such that A3. 1 1 j) holds, i.e., 

On the other hand, if 

Rl Sl > R j0 , (3-22) 

then we pick the smallest positive integer s 2 > si such that R 2 ? 2 < Rj and 
thus we can also find a ji G N with ji > j for which (13.111) holds. We now 
define 

'si if holds, 
s 2 if f l3T22|) holds. 

It is important to note that with such s, (13. lip is satisfied for some ji and 
(I3.19p . (I3.20p hold. Therefore, we set mi = n + 2(ji + 1/2) and m = (mi — 
n)/2. Combining (13181) . (jQ5)l and 1EE20|) yields that 



exp(— ci? 4se ^) / |w| 2 (ia; 
< exp(-c J Ro 4se/i )(C 3 ( J R ) 







|<dz/ / |<dar) BV ' / 
< — ; |w| 2 dx 



2 -/w<i^ s + 2 



which is HS33D - Using (|3~T3l in (|3~T2|) . we have that 
1 



2 /o £\ —2m—n 



W(25) 



/ \u\ 2 dx + \m 2 {RlR h y 2m - n ( \u\ 2 dx 

J\x\<28 2 t /|:c|<R 2 , s+2 



'|x|<Jtf 

< C"5- 2m - n [ \u\ 2 dx. (3.23) 



x|<<5 



16 



From (I3.23p . we get that 
(m-i — n) 2 



8C" 

and 

1 



(R 2 R h )- mi [ \u\ 2 dx< <T mi [ \u\ 2 dx (3.24) 

J\x\<R 2 a+2 J\x\<6 



m 2 (25)- 2m ~ n / \u\ 2 dx < C"5- 2m - n / \u\ 2 dx 

2 -'\x\<2S J\x\<8 



which implies 



\u\ 2 dx < 8 ' . 9 2 mi / \u\ 2 dx. (3.25) 



|<2«5 [ m l ~ n ) J\x\<6 



The estimates < KM\ and (j5^51) are valid for all 5 < R 2 s+2 /A. There- 



fore, dH3J> holds with # 2 = .Ro- flU holds with ^3 = #0/8 and C- 



3 



8C" 



(mi — n) ; 



-2 mi and the proof is now complete. □ 
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